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Abstract. This article uses Cartan-Kahler theory to construct local conser- 
^^1 vation laws from covariantly closed vector valued differential forms, objects 

Cu ' that can be given, for example, by harmonic maps between two Riemannian 

manifolds. We apply the article's main result to construct conservation laws 
for covariant divergence free energy-momentum tensors. We also generalize the 
^Sl ' local isometric embedding of surfaces in the analytic case by applying the main 

^^ ' result to vector bundles of rank two over any surface. 
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1. Introduction 



A conservation law can be seen as a map defined on a space T (which can be for 

instance, a function space, a fiber bundle section space, etc.) that associates each 

element / of J-" with a vector field X on an 7n-dimensional Riemannian manifold 

Cd . M., such that if / is a solution to a given PDE on T, the vector field X has a 

vanishing divergence. If we denote by g the Riemannian metric on the manifold 

Ai, we can canonically associate each vector field X £ T{TA4) with a differential 

1-form ax '■— g{X,-). Since div(X) = =i=d * ax (or div(X)vol;vi = d{XjvolMJ), 

^1^ , where * is the Hodge operator, voI^k is the volume form on M, and X_ivo\m is the 

00 ' interior product oivolj^ by the vector field X, the requirement d\v{X) = may be 

^^ , replaced by the requirement d(Xj yo\m) = 0, and hence, conservation laws may also 

>0 ' be seen as maps on J^ with values on differential (to — l)-forms such that solutions 

to PDEs are mapped to closed differential (to, — l)-forms on yV4. More generally, we 



'nI" ' could extend the notion of conservation laws as mapping to differential p-forms (for 



instance. Maxwell equations in vacuum can be expressed, as it is well-known, by 
requiring a system of differential 2-forms to be closed). In this paper, we address 
the question of finding conservation laws for a class of PDE described as follows: 

Question 1. LetW be an n-dimensional vector bundle over M. Let g be a metric 
bundle and V a connection that is compatible with that metric. We then have a 
covariant derivative dv acting on vector valued differential forms. Assume that cj) 
is a given covariantly closed Y-valued differential p- form on A4, i.e., 

dv0 = O. (1.1) 

Does there exist TV S N and an embedding '5 o/ V into A4 x M^ given by ^(x, X) = 
{x, "^xX), where 'i'x is a linear map from Yx to M.^ such that: 

• ^ is isometric, i.e, for every x ^ M, the map ^a; is an isometry, 

• if '^{(f>) is the image of (p by '^ , i.e., '9{(f>)x — "^x ° (px for all x G M, then 

d*(0) = O. (1.2) 
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In this problem, the equation i|l.ip represents the given PDE (or a system of 
PDEs) and the map '^ plays the role of a conservation law. Note that the problem 
is trivial when the vector bundle is a Hue bundle. Indeed, the only connection on a 
real line bundle which is compatible with the metric is the fiat one. 

A fundamental example is the isometric embedding of Riemannian manifolds 
in EucHdean spaces and is related to the above problem as follows: M is an m- 
dimensional Riemannian manifold, V is the tangent bundle TM, the connection 
V is the Levi-Civita connection, p = 1 and the TA^-valued differential 1-form (j) 
is the identity map on ^^A. Then l|l.ip expresses the torsion-free condition for 
the connection V and any solution '^ to l|1.2p provides an isometric embedding u 
of the Riemannian manifold A4 into a Euclidean space M.^ through du — ^ (</>), 
and conversely. An answer to the local analytic isometric embeddings of Rieman- 
nian manifolds is given by the Cartan-Janet theorem, |Car27 . Jan26j. Despite the 
fact that the Cartan-Janet result is local and the analicity hypothesis on the data 
may seem to be too restrictive, the Cartan-Janet theorem is important because 
it actualizes the embedding in an optimal dimension unlike the Nash-Moser iso- 
metric embedding which is a smooth and global result. Consequently, if the above 
problem has a positive answer for p = 1, the notion of isometric embeddings of 
Riemannian manifolds is extended to a notion of generalized isometric embeddings 
of vector bundles. The general problem, when p is arbitrary, can also be viewed as 
an embedding of covariantly closed vector valued differential p-forms. 

Another example expounded in [HelQ S] of such covariantly closed vector valued 
differential forms is given by harmonic maps between two Riemannian manifolds. 
Indeed, let us consider a map u defined on an m-dimensional Riemannian manifold 
^A with values in an n-dimensional Riemannian manifold A/". On the induced 
bundlqj by u over M., the u*TA/'-valued differential (m — l)-form *du is covariantly 
closed if and only if the map u is harmonic, where the connection on the induced 
bundle is the pull back by u of the Levi-Civita connection on M. A positive answer 
to the above problem in this case would make it possible to construct conservation 
laws on M from covariantly closed vector valued differential (m — l)-forms, 
provided, for example, by harmonic maps. In his book [Hel96], motivated by 
the question of the compactness of weakly harmonic maps in Sobolev spaces in 
the weak topology (which is still an open question), Helein considers harmonic 
maps between Riemannian manifolds and explains how conservation laws may be 
obtained explicitly by the Noether's theorem if the target manifold is symmetric 
and formulates the problem for non symmetric target manifolds. 

In this article, our main result is a positive answer when p — m — 1 m the 
analytic case. We also find, as in the Cartan-Janet theorem, the minimal required 
dimension that ensures the generalized isometric embedding of an arbitrary vector 
bundle relative to a covariantly closed vector valued differential {m — l)-form. 

Theorem 1. Let Y be a real analytic n-dimensional vector bundle over a real 
analytic m-dimensional manifold A4 endowed with a metric g and a connection V 
compatible with g. Given a non-vanishing covariantly closed Y-valued differential 
(to — l)-form (f>, there exists a local isometric embedding o/ V in M x ]R"+''™ "-i 
over Ai where K^m.m-i ^ (to, — l)(n — 1) such that the image of (j) is a conservation 
law. 

The existence result Theorem [l] can be applied to harmonic maps. We show in 
the last section of this paper a further appHcation related to energy-momentum 



or the pull back bundle. 
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tensors which occur e.g. in general relativity. 

The strategy for proving Theorem [T] is the following: we reformulate the problem 
by means of an exterior differential system on a manifold that must be defined, and 
since all the data involved are real analytic, we use the Cartan-Kahler theory to 
prove the existence of integral manifolds. The problem can be represented by the 
following diagram that summarizes the notations 



g, V, V" c * ^ M' 



!>N" 



d*(</>)=0 



Figure 1. Generalized isometric embedding 

where N is an integer that have to be defined in terms of the problem's data: n, 
m and p. Let us then set up a general strategy as an attempt to solve the general 
problem. We denote by K^,p the embedding codimension, i.e., the dimension of the 
fiber extension in order to achieve the desired embedding. Since the Cartan-Kahler 
theory plays an important role in this paper and since the reader may not be 
famihar with exterior differential systems (EDS) and the Cartan-Kahler theorem, 
generalities are expounded in section 2 concerning these notions and results. For 
details and proofs, th e reader may consult Elie Cartan's book |Car71) and the third 
chapter of jBCG+9l| . 



Let us first recast our problem by using moving frames and coframes. For con- 
venience, we adopt the following conventions for the indices: i,j,k — l,...,n 
are the fiber indices , X,iJ,,v = l,...,m are the manifold indices and a,b,c = 
n + 1, . . . ,n + K^p are the extension indices. We also adopt the Einstein sum- 
mation convention, i.e., assume a summation when the same index is repeated in 
high and low positions. However, we will write the sign J2 ^^d make explicit the 
values of the summation indices when necessary. Let rj — (77^, ... , 77™) be a moving 
coframe on M. Let E — {Ei, . . . , £"„) be an orthonormal moving frame of V. The 
covariantly closed V-valued differential p-form 4> G r(A^A1 ® V„) can be expressed 
as follows: 

ct>^E,cl,^^E,^P\^_^^ij^^-'^'' (L3) 

where ip\ ^ are functions on M. We assume that 1 ^ Ai < ■ • • < Ap < m in the 
summation, and that 7y-^i'--^^p means rj^^ A • • • A rj^p . 

Definition 1. Let cj) G T{t\PM ® V) he a Y -valued differential p-form on M. The 
generalized torsion of a connection relative to 4> (or for short, a 4>-torsion) on a 
vector bundle over M. is a W -valued differential {p+ l)-form Q = (8*) := dvf?^, i-e., 
in a local frame 

Q^E0 -.^E.idct)' +if^h4>^) for all i (1.4) 

where (77*) is the connection 1-form ofV which is an o{n) -valued differential 1-form 
(since V is compatible with the metric bundle). 

Thus, the condition of being covariantly closed dyf/) = is equivalent to the fact 
that, d0* + 77' A (/)■' — for all z = 1, . . . , 77. From the above definition, the connection 
V is (/)-torsion free. We also notice that the generalized torsion defined above reduces 
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to the standard torsion in the tangent bundle case when (/) = Eitp^rj^ = Eirf (the 
functions i/'a = '^a ^^^ the Kronecker tensors), and the connection is Levi-Civita. 

dv0 = O«=>d0* + r;i A0^ =0 for alH = l,...,n. (1.5) 

Assume that the problem has a solution. We consider the fiat connection 1-form 
w on the Stiefel space SO{n + kJ^^ )/ SO{n^ ), the n-adapted frames of M^""'"'*'".?-', 
i.e., the set of orthonormal families of n vectors T — (ei,...,e„) of W^^'^^-p' 
which can be completed by orthonormal k^ ^ vectors (e„+i, . . . , Cn+K,^ ) to obtain 
an orthonormal set of {n + n^j,) vectors. Since we work locally, we will assume 
without loss of generality that we are given a cross-section (e„+i, . . . , Cn+K.^ ) of 
the bundle fibration SO{n + n^p) — > SO{n + n^p) / SO{K^p) . The fiat standard 
1-form of the connection w is defined as follows: w' = (e^jdcj) and wf = (ea,dei), 
where (, ) is the standard inner product on M"+'^™.p. Notice that u satisfies Cartan's 
structure equations. Suppose now that such an isometric embedding exists, then, if 
ei = ^{Ei), the condition d*(0) = yields to 

e,(d(/.* + uo] A <i>^) + ea{ujt A c^') = 0, (1.6) 

a condition which is satisfied if and only if 

ri] = **(wi.) and **(a>f ) A 0* = 0. (1.7) 

The problem then turns to finding moving frames (ei, . . . e„, e„+i, . . . , £„+«« ) 
such that there exist m-dimensional integral manifolds of the exterior ideal gene- 
rated by the naive exterior differential system {w^- — ??], cjf A (/)*} on the product 
manifold 

SO{n + Cp ) 

Strictly speaking, the differential forms live in different spaces. Indeed, one 
should consider the projections tt^vi and irst of Sm,p on -^ ^iid the Stiefel space and 
consider the ideal on SJ^p generated by 7r^(7y*) — 7rgj(w*) and 7rjj(a;°) A 7r^((/)'). 
It seems reasonable however to simply write {wj — 77*, wf A ^'}. 

To find integral manifolds of the naive EDS, we would need to check that the 
exterior ideal is closed under the differentiation. However, this turns out not to be 
the case. The idea is then to add to the naive EDS the differential of the forms 
that generate it and therefore, we obtain a closed one. 

The objects which we are dealing with in the following have a geometric 
meaning in the tangent bundle case with a standard 1-form (the orthonormal 
moving coframe, as explained above) but not in the arbitrary vector bundle case as 
we noticed earlier with the notion of torsion of a connection. That leads us to define 
notions in a generalized sense in such a way that we recover the standard notions 
in the tangent bundle case. First of all, the Cartan lemma, which in the isometric 
embedding problem implies the symmetry of the second fundamental form, does 
not hold. Consequently, we can not assure nor assume that the coefficients of the 
second fundamental form are symmetric as in the isometric embedding problem. In 
fact, we will show that these conditions should be replaced by generalized Cartan 
identities that express how coefficients of the second fundamental form are related 
to each other, and of course, we recover the usual symmetry in the tangent bundle 
case. Another difficulty is the analogue of the Bianchi identity of the curvature 
tensor. We will define generalized Bianchi identities relative to the covariantly 
closed vector valued differential p-form and a generalized curvature tensor space 
which corresponds, in the tangent bundle case, to the usual Bianchi identities and 



^ip--^x oU...„r ■ (1-8) 
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the Riemann curvature tensor space, respectively. Finally, besides the generalized 
Cartan identities and generalized curvature tensor space, we will make use of a 
generalized Gauss map. 

The key to the proof of Theorem [1] is Lemma[T]for two main reasons: on one hand, 
it assures the existence of coefficients of the second fundamental form that satisfy 
the generalized Cartan identities and the generalized Gauss equation, properties 
that simplify the computation of the Cartan characters. On the other hand, the 
lemma gives the minimal required embedding codimension k^ ^_i that ensures the 
desired embedding. Using Lemma [H we give another proof of Theorem [1] by an 
explicit construction of an ordinary integral flag. When the existence of integral 
manifold is estabHshed, we just need to project it on A^ x M"+'''".p . 

2. Generalities 

This section is a brief introduction to the Cartan-Kahler theory and is establis- 
hed to state the Cartan test, the Proposition [2] and the Cartan-Kahler theorem, 
results that we use in the proof of Theorem [TJ 

2.1. EDS and exterior ideals. Let us denote by A{A4) the space of smooth 
differential forms on A^ o An exterior differential system is a finite set of differential 
forms / = {uji,uj2, . . . ,ujk} C A{AI) with which we associate the set of equations 
{ui — 0\u;i € I}. A subset of differential forms 2 C A{M) is an exterior ideal if the 
exterior product of any differential form of I by a differential form of A{A4) belongs 
to 1 and if the sum of any two differential forms of the same degree belonging to 
T, belongs also to 1. The exterior ideal generated by / is the smallest exterior ideal 
containing /. An exterior ideal is said to be an exterior differential ideal if it is 
closed under the exterior differentiation and hence, the exterior differential ideal 
generated by an EDS is the smallest exterior differential ideal containing the EDS. 
Let us notice that an EDS is closed if and only if the exterior differential ideal and 
the exterior ideal generated by that EDS are equal. In particular, if / is an EDS, 
J U d/ is closed. 

2.2. Introduction to Cartan Kahler theory. Let / C A{A4) be an EDS on 

A4 and let A/" be a submanifold of ^A . The submanifold M is an integral manifold 
oi I ii L*ip = 0,V(p e /, where l is an embedding i : J\f — > A4. The purpose of 
this theory is to establish when a given EDS, which represents a PDE, has or does 
not have integral manifolds. We consider in this subsection, an m-dimensional real 
manifold Ai and X C A{A4) an exterior differential ideal on ^A. 

Definition 2. Let z <E AA. A linear subspace E of T^Ai is an integral element of 
X if ifiE = for all ip <El, where ipE means the evaluation of ip on any basis of E. 
We denote by Vp{X) the set of p- dimensional integral elements of 2. 

A/" is an integral manifold of T if and only if each tangent space of A/" is an integral 
element of X. It is not hard to notice from the definition that a subspace of a given 
integral element is also an integral element. We denote by Xp = XriA^{M) the set 
of differential p-forms of X. Thus, Vp(X) = {E e Gp{TM) \ipE = for all ip G Xp}. 

Definition 3. Let E be an integral element of X. Let {ei, 62, ... , e^} be a basis of 
E C TzM. The polar space of E, denoted by H{E), is the vector space defined as 
follows: 

H{E) ^ {v eT,M\ip{y,ei,e2, . . ■ ,ep) ^ for all ip e Xp+i} . (2.9) 



This is a graded algebra under the wedge product. We do not use the standard notation Q(A4) 
to not confuse it with the curvature 2-form of a connection. 
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Notice that E C H[E). The polar space plays an important role in exterior 
differential system theory as we can notice from the following proposition. 

Proposition 1. Let E G Vp{I) he a p-dimensional integral element of 2. A (p+l)- 
dimensional vector space E^ C T^Ai which contains E is an integral element of I 
if and only if E+ C H{E). 

In order to check if a given p-dimensional integral element of an EDS T is con- 
tained in a (p + l)-dimensional integral element of I , we introduce the following 
function called the extension rank r : Vp{I) — > Z that associates each integral 
element E with an integer r{E) = dimH{E) — {p + 1). The extension rank r{E) is 
in fact the dimension of ¥{H{E)/E) and is always greater than —1. If r{E) = — 1, 
then E is contained in any (p + l)-dimensional integral element of 2 and conse- 
quently, there is no hope of extending the integral element. An integral element E 
is said to be regular if r{E) is constant on a neighborhood of z. 

Definition 4. An integral flag of I on z ^ M of length n is a sequence {0)z C 
i?i C i?2 C • • • C En C TzM of integral elements Ek of 2. 

An integral element E is said to be ordinary if its base point 2 G A4 is an 
ordinary zero of /q = / fl JP{M) and if there exists an integral flag (0)2 C i?i C 
E2 C ■ ■ ■ C En = E C TzM where the Ek, k — 1, . . . ,{n-l) are regular. Moreover, 
if En is itself regular, then E is said to be regular. We can now state the following 
important results of the Cartan-Kahler theory. 

Theorem 2. (Cartan's test) Let 2 C A*{Ai) be an exterior ideal which does not 
contain 0-forms (functions on Ad). Let {0)z C Ei C E2 C ■ ■ ■ C En C T^Ai be 
an integral flag of 2. For any k < n, we denote by Ck the codimension of the 
polar space H{Ek) in T^Ai. Then V„(2') C GniTM) is at least of codimension 
Co + Ci + ■ • • + C„_i at En- Moreover, En is an ordinary integral flag if and only 
if En has a neighborhood U in Gn{TA4) such that V„(I) U is a manifold of 
codimension Co + Ci + • • • + C„_i in U . 

The numbers Ck are called Cartan characters of the fc-integral element. The 
following proposition is useful in the applications. It allows us to compute the 
Cartan characters of the constructed flag in the proof of the Theorem [TJ 

Proposition 2. At a point z G A4, let E be an n-dimensional integral element 
of an exterior ideal 2r]A*{A4) which does not contain differential 0-forms. Let 

uji,uj2, ■ ■ ■ ,ujmT^i,i^2, ■ ■ ■ ,1^3 (where s — dim Ad — n) be a coframe in a open neigh- 
borhood of z € M such that E — {v Q T^Ad \ 7ra(u) = for all a ~ 1, ■ . ■ , s}. For 
all p ^ n, we define Ep = {v ^ E\ujk{v) = for all k > p}. Let {tpi, ip2, ■ ■ ■ ,Vr} 
be the set of differential forms which generate the exterior ideal 2, where (pp is of 
degree (dp + 1). For all p, there exists an expansion 

"Pp^ J2 ^'p/^^J + ^p (2.10) 

|j|=dp 

where the 1- forms n'p are linear combinations of the forms ir and the terms (pp are, 
either of degree 2 or more on tt, or vanish at z. Moreover, we have 

H{Ep) ^{v e TzA4\tt'1{v) = for all p and sup J sC p} (2.11) 

In particular, for the integral flag {0)z C Ei C E2 C ■ ■ ■ C En n T^AI of 2, 
the Cartan characters Cp correspond to the number of linear independent forms 
{TTp\z such that sup J ^ p}. 

The following theorem is of great importance not only because it is a gene- 
ralization of the well-known Frobenius theorem but also because it represents a 
generalization of the Cauchy-Kovalevskaya theorem. 
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Theorem 3. (Cartan-Kcihler) 

Let 2 C A*{A4) be a real analytic exterior differential ideal. Let X iz M. be a p- 
dimensional connected real analytic Kdhler- regular integral manifold of 2. Suppose 
that r = r{X) ^ 0. Let Z C A4 be a real analytic submanifold of M of codimension 
r which contains X and such that T^Z and H{TxX) are transverse in T^Ai for 
all X £ X C A4. There exists then a {p + I) -dimensional connected real analytic 
integral manifold y of 2, such that X C y G Z. Moreover, y is unique in the sense 
that another integral manifold of X having the stated properties, coincides with y 
on an open neighborhood of X. 

The analycity condition of the exterior differential ideal is crucial because of 
the requirements in the Cauchy-Kovalevskaya theorem used in the Cartan-Kahler 
theorem's proof. It has an important corollary. Actually, in the application, this 
corollary is more often used than the theorem and is sometimes called the Cartan- 
Kahler theorem in literature. 

Corollary 1. (Cartan-Kahler) 

Let X be an analytic exterior differential ideal on a manifold M. If E C T^AI is 
an ordinary integral element of X, there exists an integral manifold of X passing 
through z and having E as a tangent space at point z . 

One of the great applications of the Cartan-Kahler theory is the Cartan-Janet 
theorem concerning the local isometric embedding of Riemannian manifolds. We 
mention this theorem for its historical importance and because the result of this 
paper generalizes isometric embedding of surfaces. 

Theorem 4. (Cartan [CaT27\ - Janet |Jan26| ) 

Every m-dimensional real analytic Riemannian manifold can be locally embedded 

isometrically in an dimensional Euclidean space. 



3. Construction of Conservation Laws 

In this section, we continue to explain the general strategy of solving the problem 
in the general case started in the introduction, and we give a complete proof of 
Theorem [TJ In the introduction, we showed that solving the general problem is 
equivalent to looking for the existence of integral manifolds of the naive EDS {w* — 



I J 



.OJ. 



° A ^'} on the product manifold 



This naive EDS is not closed. Indeed, the generalized torsion-free of the connec- 
tion implies that d{ujf A 0*) = modulo the naive EDS, but the Cartan's second- 
structure equation yields to (i{^) ~ v]) — /.('^^ ^ '^j) ~ ^j" modulo the naive EDS, 

a 

where ft — (SIJ) is the curvature 2-form of the connection. Consequently, the exte- 
rior ideal that we now consider on the product manifold SJ^ is 

X^,^j,^{Lu^~7T),Y,^fAu;]~n),u;fA<lfU,. (3.12) 

a 

The curvature 2-form of the connection is an o(n)-valued two form and is related 
to the connection 1-form (ry*) by the Cartan's second-structure equation: 

n)=dr^^+^Ari^ (3.13) 
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A first covariant derivative of (f) has led to the generalized torsion. A second covariant 
derivative of (j) gives rise to generalized Bianchi identities^ as follows: 

d^(0) = ^=^ f7; A 0^ = for alH = 1, . . . , n. (3.14) 

The conditions 17* A 4>^ — for all i — l,...,n are called generalized Bianchi 
identities. We then define a generalized curvature tensor space JC^p as the space 
of curvature tensor satisfying the generalized Bianchi identities: 

IC'^,P = {(^;;A^) e a2(M") ® a2(E™)| 1];. A 0' = 0} (3.15) 

where n) = ^TZ).Xf,V^ A jf = 'R^j.x^.V^ <E) t]^. 

In the tangent bundle case and (f) = Eirf , IQ^ ^ is the Riemann curvature tensor 

space which is of dimension — to^(?ti^ ~ 1)- 

All the data are analytic, we can apply the Cartan-Kahler theory if we are 
able to check the involution of the exterior differential system by constructing 
an TO-integral flag: If the exterior ideal X^ ^ passes the Cartan test, the flag is 
then ordinary and by the Cartan-Kahler theorem, there exist integral manifolds 
of X^ . To be able to project the product manifold SJJj „ on A^, we also need to 
show the existence of m-dimensional integral manifolds on which the volume form 
on ?yi'--™ on M does not vanish. 

The EDS is not involutive and hence we "prolong" it by introducing new variables. 
Let us express the 1-forms wf in the coframe (77^, . . . ,77™) in order to later make 
the computation of Cartan characters easier . Let W^ ^ be an k^ p-dimensional 
Euclidean space. We then write wf = H°;yri^ where H°;^ G y^m,m-i (8) K" ® K™ and 
define the forms 7r° = wf — H°^^r]^ . We can also consider Hi\ — {H°-^) as a vector 
of W^ p. The forms that generate algebraically Z"j ^ are then expressed as follows: 



a a a 



(3.16) 



and 



^1 ^<t>' = V'1,...A,< A r;^-^^ + E Ht^^_^^ ,7'^-^-. (3.17) 



1 ^ /^l < ■ ■ ■ < /^p ^ m 

These new expressions of the forms in terms of vectors H and the differential 
1-form -K will help us compute the Cartan characters of an m-integral flag. To 
simplify these calculations, we will choose Hf^^, which are the coefficients of the 
second fundamental form, so that the quantities marked with (*) and (**) in the 
equations (|3.16p and l|3.17p vanish, and hence: 

^{Hf^H'^^ - H^^Hjx) = n).^^ generalized Gauss equation (3.18) 

a 

Yl ^iX^li,....f^pV^^^"''''' = generalized Cartan identities. (3.19) 

A — 1, .... m 
1 ^ fj^l < ■ ■ ■ < ^p ^ m 

As we mentioned in the introduction, the system of equations (|3.19p is said to be 
generalized Cartan identities because it gives us relations between the coefficients of 



In the tangent bundle case and </> = EiiTf , we recover the standard Bianchi identities of the 
Riemann curvature tensor, i.e, T^'.j.; = Tl^^- and 7^^^,; + T^j^. + Ti-^ij — ^ ■ 
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the second fundamental form which are not necessarily the usual symmetry given 
by the Cartan lemma. These properties of the coefficients and the fact that the 
curvature tensor (7^^-.^^) satisfies generalized Bianchi identities yield us to name 
the equation (|3.18p as the generalized Gauss equation. 

We now define a generalized Gauss map 5," p ■ ^m p'8'R"'8>R'" — > A^m p defined 
for H^^ e >V;\,p (» M" ® E™ by 

(e™,p(^))'..^ =^(i?,^iJ«,-i/«,i/j\). (3.20) 

a 

Let us specialize in the conservation laws case, i.e., when p = m — 1. We adopt 
the following notations: A = (1, 2, . . . , m) and A \ /c = (1, . . . , /c — 1, fc + 1, . . . , m). 
We thus have t?'^ = 77^ A • ■ • A 77™ and i]^"-'' = ry^ A • • ■ A ry''"^ A 77''+^ • • ■ A f]"\ 
Let us construct an ordinary m-dimensional integral element of the exterior ideal 
^m.m-i Oil ^m.m-i- Generalized Bianchi identities are trivial in this case and so 
Hlmr" _ n{n~l)m{m-l) 

The generalized Gauss equation is Hix-Hj^ — Hi^,.Hj\ = T^l-xa^ where Hix is 
viewed as a vector of the kJJj ^.^-Euclidean space W^^^j. Generalized Cartan 
identities are 

^ {-l)^+'H^x^l^^=0 for all a. (3.21) 

A— l,...,m 

The following lemma, for which a proof is later given, represents the key to the 
proof of Theorem [TJ 

Lemma 1. Let k^ ^_y ^ (ttt, — l)(n — 1) and W^ ^^^ be a Euclidean space of 
dimension kJ^ m_i- Let Ti"^ .^_i C W^ ^_i ® M" M™ be the open set consisting 
of those elements H — {Hf^) so that the vectors {Hi\\i = 1, . . . ,ri — 1 and A = 
l,...,m— 1} are linearly independents as elements ofW^„^_i and satisfy ge- 
neralized Cartan identities. Then Gm.m-i ■ ^m m-i — * ^m.m-i *■' ** surjective 
submersion. 

Let Z:^,^_, = {{M, T, H) e S;^,^_i x W;;,„_i ® R" ® M™ | i/ e Hr„,™_i}. We 
conclude from Lemma[l]that -Zm,„j_i is a submanifolcO and hence, 

dim Z,7, „_i = dim ^"ri.,n-i + dim H'^^rn-i (3-22) 

where 

tiIti — 1 ) 
dim S;;^„_i = m + ^ + nC™-i (3-23) 

,. ^,„ / ^ r, n(n — l)m(m — 1) 
dim 7^;j,,„,_i = {nm - l)C™-i - ^ ^ ^- (3-24) 

We define the map ^^.m-i ■ ^m,m-i — ^ ^m(^m,m-i; '?'^) which associates 
(x, T, i/) e Z^ „_]^ with the ?Ti-plan on which the differential forms that gene- 
rate algebraically T^ ^_]^ vanish and the volume form rj^ on A^ does not vanish. 
*^m m-i i^ then an embedding and hence dim $(-Z^ m-i) = dim Z," „_i. In what 
follows, we prove that in fact $(Z^^_j) contains only ordinary m-integral ele- 
ments of I^ m-i- Since the coefficients H^y^ satisfy the generalized Gauss equation 
and generalized Cartan identities, the differential forms that generate the exterior 



•^m m-1 '^ ^^^ fiber of 7^ by a submersion. The surjectivity of Q^ 
emptiness. 
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ideal I^.m-i ^^^ ^^ follows: 

J2 < A c.| -n)=Y, < A vrf + ^(i/^< - H^^^';) A rj^ (3.25) 

a a a 

<A0'=Vm...a,<A77^-^''. (3.26) 

We recall that Cartan characters are the codimension of the polar space of integral 
elements. Their computations are a straightforward appHcation of Proposition [2l 
and yield 

Cx = "^^"^^ ^^ (A + 1) for A = 0, ..m - 2 (3.27) 

„ nin — 1) „ , , 

Cm-i - ^ ^ ' m + C,™-i (3.28) 

so 

„ „ n(n — 1) n(n — Vimim — 1) „ , , 

Co + ■ ■ ■ + Cn-i - "^ 2 + V ^ + <™-i- (3.29) 

Finally, the codimension of the space on m-integral elements of I^ ^_i on which 
77^ does not vanish is: 

codimv„(x;;,^„_i,77'^) = dimG,„(T(,,x)S;;,„_i) - <i>(z;;„_i) 

n(n — 1) n{n — l)m{m — \) „ >. • -* 

= 771 - \ - h l^m,m-l- 

By the Cartan test, we conclude that $(Z^^_j) contains only ordinary 777-integral 
flags. The Cartan-Kahler theorem then assures the existence of an m-integral ma- 
nifold on which 77^ does not vanish since the exterior ideal is in involution. We 
finally project the integral manifold on A^ x M"+''. Let us notice that the require- 
ment of the non vanishing of the volume form -q^ on the integral manifold yields to 
project the integral manifold on AA and also to view it as a graph of a function / 
defined on M. with values in the space of n-adapted orthonormal frames of R"+'' . 
In the isometric embedding problem, the composition of / with the projection of 
the frames on the Euclidean space is by construction the isometric embedding map. 

3.1. Another proof of Theorem [ij This proof is based on explicitly construc- 
ting an ordinary rTi-integral element, and the Cartan characters are computed by 
expliciting the polar space of an integral fiag. As defined above, let us consider 
2^ „_i an exterior ideal on T,^.^_i. Let us denote by {X\) the dual basis of 

(r?^) and by {Ya) the dual basis of {w^) = (w'^O), nj'"^^")) = [uj] - Tl],i^'i) where 

A = 1, . . . ,dimS;;,,„_i - 771 and a{)) = (j - 1) + ^ ^ ' - ^ '-^ '- 

filji — X ) 
for 1 < 1 < J '^ 71 and cr(^) — h (a — 71 — 1)77 -I- i for 7 — 1, . . . , 71 

and a = ri -I- 1, . . . , n -f- k^ m-i- Let us consider on the Grassmannian manifold 

GmC^m m-i^V^) ^ basis X\ defined as follows: 

Xx{E)^Xx + P^{E)Ya A = l,...,dimS;;,„_i-m. (3.31) 

Let (n^(£^)) be the dual basis of {X\{E)). In order to compute the codimension 
in the Grassmannian Gm(2^SJ^ m-i' V^) of 7n-integral elements of ZJ^ m-i) ^^ P^H 
back the forms that generate the exterior ideal. To do so, we evaluate the forms on 



a 


' A w<^ 


a 




°)pO 




{vj''^ 


A<ly')E^ 


A 


-1)'+Va. 


A^A 


))^^ 
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the basis X\{E) and hence the expression of the forms on the Grassmannian are: 



^};AJnv 



The number of functions that have Unearly independent differentials represents the 
desired codimension, and hence with lemma [TJ 

, ^ Ax n(n — I) n(n — 1) m(m — I) 
codimV™(Z;;,„_i,77'^) = m ^ ^ ' + \ ' \ + C™-i (3-32) 

Let us now construct an explicit to- integral element of I^„j_]^. Since the exterior 
ideal does not contain any functions, every point of SJ^ ,„_2 is a 0- integral element. 
Let {Eq)z — z <^ SJ^ m-i- A vector ^ in the tangent space of SJ^ „_]^ is of the form 

e = e^^A+C^>A. (3.33) 

By considering the polar space, we obtain Cartan characters as previously. We then 
choose the integral element in the following way: 

eA = XA + H,'\r,(.), (3.34) 

where the coefRcients i?j'\ are provided by the lemma [H which assures the existence 
of solutions to the successive polar systems during the construction of the integral 
flag. The coefficients ^"^'j' for all 1 ^ i < j ^ n vanish for all the vectors e 
because of w^^i'. Let us denote E\ = spanjei, . . . ,e\\. The integral flag is then 
F = Eq C El C • • • C Em-i C Em- Cartan characters are the same as computed 
previously and the Cartan test assures that the flag is ordinary. By construction, 
the flag does not annihilate the volume form rj^. 

3.2. Proof of lemma [H The generalized Gauss map Gm.m~i deflned on 
yVm.rn-i <8i K" (8) M™ with values in /C^ ,„_i is a submersion if and only if the diffe- 
rential de;^_^_i g£(>V;;,_^_i(8)R"®R'";/C;J,_„_i), which has TO(TO-l)n(n-l)/4 
lines and k^ m~i x m x n columns, is of maximal rank. 

In what follows, we make the assumption that i/'i-.m — 1 ^^^ V'A^m — ■ ■ ■ = 
■fAX^m = 0. It is always possible by changing the notation and reindexing. With this 
assumption, the generalized Cartan identity shows that for all a, the coefflcient Hf^ 
on a given point of the manifold, is a linear combination of the Hix where X ^ m. 
When n = TO = 2, we assume that the determinant detip = (V'lV'l ~ i'2'4'i) 7^ 0- 
In order to understand the proof of the submersitivity of Q^^-i^ ^^ ^^st explain 
and show the proof for two special cases: when the vector bundle is of rank 3 over a 
manifold of dimension 2, and when the rank of the vector bundle is arbitrary (n ^ 2) 
over a manifold of dimension 2. The proof of the surjectivity of the generalized Gauss 
map is established afterwards. 

3.2.1. Submersitivity of the generalized Gauss map. We will proceed step by step 
in order to expound the proof of Lemma [TJ For a warm-up, we start with the case 
(V'^, A^^, g, V,0)i, then the case of a general vector bundle over a surface, i.e., 
(V", M.^, g, V)i, next, the case of a vector bundle of rank 2 over an TO-dimensional 
manifold, i.e., (V^, 7W™, g, V, (j))m-i, and flnally, we expound the conservation laws 
case, i.e., (V",X'", <?, V, (^),„_i. 
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Recall that the generalized Gauss map associates H 



{Hfx) with 



((^m,m-i)j;AM) = {HixHjf, ~ Hn,Hjx)],^^- The differential of g;;_,„_i is then: 

d^;^ 1 = „"!l" — dfff;^ (3.35) 



where 



^{q: 



i-i)};Aa< - Hj^AHix 



HixdHj^ — HjxdHi^ — Hi^dHj) 



(3.36) 



Denote by e!-.Au ^he natural basis on /CJJ^ „_]^ = A^ 



A-" 



= £,(/. - E,i,l7^^ = I 



VI 



A" 



A 



(3.37) 



(3.38) 



l^ ® A^I 



= A" 



The case (V^,A^^,g, V,0)i. Consider a vector bundle V^ of rank 3 over a 2- 
dimensional differentiable manifold M.^ , endowed with a metric g and a connection 
V compatible with g. Let <^ be a non-vanishing covariantly closed V^-valued diffe- 
rential 1-form. By assumption, 

^l 

The generalized Cartan identities for each normal direction a are: 
The curvature tensors' space is /C^.i = 

Span{e2;12i e3;12i ^3;127 I ■ 

The generalized Gauss equations are: 



(3.39) 



Taken into consideration the generalized Cartan identities, the differential of the 
generalized Gauss map is: 

/ di/n \ 
di/21 
dH3i 
di/22 

V di/32 / 

Note that Hi\ are vectors in the Euclidean space Wf 1 of dimension k^ 1 which 
must be determined. We want to extract from the Wlj-valued matrix dQ^ a subma- 
trix of maximal rank (rank 3) . Denote by L the subspace of cotangent of Wf i^ 
defined by dHu = dH2i = dHsi = 0. Ther0 d^f i|l is : 



HII.H22 


— H12.H21 = 


= ^^;12 


Hii.Hi2 


— Hi2.Hii = 


- '^3; 12 


H21-H32 


— H22-H31 - 


- '^3:12 



dg? 



2,1" 



d(e|i)^,i2 

d(52.l)3,12 
d(e2^)i.l2 



^22 


— V4-ffji 





Hn 





^32 





-ipiH,i 





i^ii 





H32 


—H22 


—H31 


-f^21 



dGllL = 




(3.40) 



Therefore, if K2 1 ^ 2, the matrix d^H^ is of maximal rank if Hu and 7^21 



are linearly independent vectors of W2 i . 



directions are a = 4, 5, then 










/ Hf, 


Hh 





\ 


/ diJ|2 

dH^2 

dHl2 
\ dHl, 


dGllL - 





Hh 


Hh . 


V -^31 


"■^31 


-^21 


i^lj 



For instance, if ^3 1 = 2, i.e., the normal 



(3.41) 



Mgfili is the submatrix of dgf ^ defined by: i(dg'i{a/dH22))a,idG'i{d/dH23))a). 
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is of maximal rank if Hu and H21 are linearly independent vectors. 

Before investigating the submersitivity of the genraHzed Gauss map, let us first 
define a flag of the subspaces of ICm,m-i- 

Flag of A^mm-i- Let us define the following subspaces of A^^ m_i as follows: for 
k = 2, . . . ,n 

^'1™,™-! = {(Km) G ^™,™-l|7^};AM = 0,if 1 < z < j ^ fc and VI ^ A < M «; m} 
and for 1/ — 2, . . . ,m 

^.lm.™-i = {(^};Am) e C.™-iI^^;Am = 0, if 1 ^ A < ^ ^J ^ and VI sJ * < J ^ n}. 
By convention, S^\'^,,n-i = Si\ln,,n-i = X^'^.rn-i- Therefore, 

^ — ^ \m,m~l ^ '-■ lm,m-l *— ^ lm,rn-l '—■••'— C \m,m-l ^ '^m,m-l 

Example 1 {(V^,M'^, g, V, (/))3). ^n element in /C^g = A^R^ ® A^M^ ^^^ ]r18 j^. 

('^2:12 ^2;13 ^2;23 '^2:14 ^^2:24 ^^2:34 

7^il2 ^3;13 7el^23 ^1.14 K.2i K.34 | (3-42) 

7?2 1?2 T-)2 7^2 7^2 7^2 

'^3;12 '^3;13 '^3;23 '^3;14 '^3;24 '^3;34 

and if TZ is in S'^W,^ and in £^W 3 then respectively 



11= \ ****** \ and n={Q) (3.43) 



an 




d if TZ is in £214,3, ^slt 3 '^'^'^ ^'^ ^414, 3 then respectively 



7^=0 * * * * *,7^=0 * * * \ , and 7^ = 





The CASE (V",X2,g, V,0)i. Recall that /C^i = A^M" ® M. Some columns in the 
Jacobian of Q21 are expressed as follows: for k = 2, . . . ,n, 

r. fc-i 

a 



'^^'4dH^) = (E^^^fe;i2 + (termsin£'=|^,i)) e£'=-i|^,i. (3.44) 

Note that i?"i2,i = 0, and hence, 

n-l 

d^2"i (5/5^.2) = ( E H^e^^i^ e £"-i|^,i. (3.45) 

From the linear map dG2i, we want to extract a submatrix of maximal rank. 
Consider the submatrix (idgii{d/dH^2))a,---,{'^G2,A^/^^n2))a)- Each term 
(dt/^i(9/9i/^2))aj for a fixed fc, is a matrix with n(ri — l)/2 lines and Kj^i columns. 
The equations l|3.44p . p.45p and the inclusions p.42p show that the submatrix 

Udg2,iid/dH^2))a,---,{dg2\i{d/dH^2))a) is of maximal rank if the vectors 
Hii,H2i, ■ ■ .iJ(„_i)i are linearly independent vectors of W^^ and ^2^ ^ (n — 1) 
where the minimal embedding codimension Kg i is given by the dimension 

of £""-^1^,1. Indeed, the matrix (^{dgii{d/dH^2))a, ■ ■ ■ ,{dG2,i(^/dH^,2))a) is 
triangular by different sized blocks. This is due to the inclusions p.42p of the 
spaces S'^Hi . Note that the matrix UdgiT^{d/dH^2))a, ■ ■ ■ Adgii{d/dH^2))a] 
is rectangular, i.e., n{n — l)/2 lines and {k2 1 'x {n — 1)) columns. There are 
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actually (n — 1) terms in the "diagonal" and they all have the same number 
of columns K2,i- The first term of the "diagonal" has one line and obviously 
starts at the first line, the second term has 2 Hues and is at the second Hne, 
the third term has 3 Hnes and starts at the Hne number 1+2 = 3, . . . , and the 
last term has {n — 1) lines and starts at the line number (n — 2)(n — l)/2. From 

^M and JaaSD, the "diagonal" of [{dgii{d/dH^2))a, . . . ,idgii{d/dH^,2))a) 

is: diag((7Ji^)„,* (i??i, i/2"i)a, . . . / (i/i"i, . . . , i?("„_i)i)a) , and since 

C £"-1 C £"-2 (- ... ^ £2 ^ £-1 ^ jQi^^ ^Yie terms 

above this "diagonal" vanish in the matrix {{dQ2i{d/dH22))a,---, 

(dt/^i(9/9i/°2))a)- Note that *{Hii, . . . , Hki)a is a matrix with k lines and 
^2,1 columns. The condition of being linearly independent for the vector 
{Hii, . . . Hi^n-i)i) assures that one can always extract, for each term of the 
diagonal, a submatrix of maximal rank. For instance, the "diagonal" term of 
d-Q2,i{d/dH^2) is *(-ffn, i?2i)j which is a 2 x acj.i matrix, and since the two vectors 
are linearly independent, there exists an invertible 2x2 submatrix. The same 
argument holds for each term of the "diagonal", and finally, K2 i ^ dim(£'"~^|2 1) 
assures that the last terms of the "diagonal", (d5£i(9/9H,"2))a, are of maximal rank. 

The case (V", A1™,g, V, 0)ni-i :• For the conservation laws case, we define the 
following subspaces of /CJJ^ m-i- for k = 2, . . . ,n and for v = 2, . . . ,m, 

f'lm.™-i = {(7^);■;A^ e K^,,n-l\^^r^^^ = 0, if 1 s^ z < J ^ fc and 1 s^ A < M ^ ^} 
and hence, f"|;^,„_i = £v\'^,m-i and £t\l,,m-i = ^''lm,m-i- By convention, 

Clin _ V-n „„J ck\n _ t-ln 

'-^v\rn,rn — l '^m.m — 1 ■^^^'-' "^1 Im.m— 1 '^Im.m— 1- 

Remark 1. Let us fix v and k. We have the same kind of flags as in ^S^J^ and 

f \n ^ cn — l\n ^ cn — 1\n (~ . . . r~ P'^V^ C JC^ 

*^t'lrn,m— 1 ^ ^i/ lrn,m— 1 ^ ^i^ lrn,m— 1 '--*■■'-- *~'i/\m,7n—l ^ '^rn,7n— 1 

^ Im.m— 1 ^ ^rn — llm.m — 1 ^ ^m — 2lm,m — 1 ^ ' ' ' ^ ^2 Im.m — 1 ^ '^m.ni — 1- 

Example 2 ((V^ ^^^ g, V, (/))3-Continued). £l\l^ = S^H^, SUl^ = 
^ali 3,1^3 11 3 — ^sli 3 (ind ^lll 3=0 and ifTZ is in £^||| 3, £||| 3, then respectively 

(0>i<>i<***\ /ooo***\ 

* * * * * * \ ,TZ ^ \ * * * * * *|. (3.46) 

^ ^ ^ ^ ^ ^ J y**5i=*>{=>{=/ 

Proposition 3 (Extension of i|3.42p ). For (V",M"^,g,V,(j))m~i, we can have 
a longer flag by replacing in (S^J^ each inclusion of the type £i^\m m-i ^ 
^{•y-i)\?n,rn-i, fori' = 2,...,m, by 

£u c (£(,_i)n£:'-i) c (£(„_i)n5:^-2^ c ••■ c (£(.-1)05^) c (f(,_i)n52) c £(,_i) 

(3.47) 
Note that we dropped \m.m-i /o*" ^'^^/i subspace £, in the above equation, for more 
clarity. 

Example 3 ((V"*, Al^, g, V, 0)4). We drop in this example the signs I5 4 next to the 

subspaces f^||^4. When we put | fg..^7[ ) in (34^, we obtain = £5 C f £4 n f| j C 

(£4 n £|) c £4 c (£3 n £:|) c (£3 n £|) c £3 c (^£2 n £|) c (£2 n £:|) c £2 c 

f 2 '^ ^2 '^ ^1 = ^5,4- 
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We proceed in the same way to prove Lemma [TJ The inclusion of the spaces 
£t\m.m-i is more complex and is given by the Proposition [3l We have, for k = 
2, . . . ,n and v — 2, . . . ,m 

dG:^,m-iid/dH^,,) = ( J2 Hfx^kM + (terms in E^tl)) e StzW'^^^ra-i (3-48) 



i = 1, ...,*;- 1 
A = 1, ... 1^ - 1 



and since 6^^ |m,m-i = 0, 



d^m,m-l(^/^-^rim) ^ ( /_^ ^iX^n-Mn) ^ ^m-llrn.m-l- (3.49) 



1=1,. 
A = 1, 



As we explained previously, from the linear map dQJ^ m-ii '^e want to extract 
a submatrix of maximal rank. Consider the submatrix ( (dQl^ „^_i{d / dH22))a, ■ ■ ■ , 

which has n{n — l)m{m — l)/4 lines and K'^n,m-i ^ {n — l)(m — 1) columns. This 

matrix is of maximal rank if the vectors {Hix)i=i (n-i) and A=i,...,m-i are linearly 

independent vectors of W"j „_i where K^.m-i ^ (n — l)(m — 1). The minimal 
embedding codimension is given by the dimension of (£"^^ r\£m-i\^ m-i)- Indeed, 
Proposition ^ shows that the submatrix is triangular by different sized blocks 
and that the terms above the block-diagonal are zero. There are (n — l)(m — 1) 
terms in the "diagonal" and they have the same number of columns n^-i- 

3.2.2. The surjectivity of the generalized Gauss map. It remains to show that the 
generalized Gauss map is surjective, namely 

It is sufficient to show that there exists a pre-image of 0, i.e., vectors Hi\ in 
yV"j,„_i, satisfying generalized Cartan identities and such that the set {Hi\} 
for i ~ l,...,n — 1 and A = l,...,m — 1 are linearly independent vectors in 
^mm-i- Indeed, the differential of the generalized Gauss map being surjective 
implies that 5mm-i(^mm-i) ■^ill contain a neighborhood of in JCmm-i^ and 

thus e;^,„_i(7^rn,™-i) ='^™,™-i as g:^,m-iipH) = P^g'^n,m-iiH). 

We will construct a pre-image of in 7i^ m-i- Recall that W^ ,„_i is of dimen- 
sion K^ „^_i ^ (n — 1)(to — 1). We can choose Hix as follows: 

{-ffiA}i=i,...,n-i and A=i,...,m-i IS an orthonormal set of vectors in yV^.m-i (3.51) 



For i = 2 



Hnl — Hn2 — • ■ • = 


= Hnm = 


n — 1 \ / 

(3.52) 


;,..., TO, Hjrn = 


i ^ 1, . . . ,n - 1 
A = 1, . . . ,m - 1 


(3.53) 


4]^ = ^La and 


Af = Af . 


(3.54) 



where 



4. Conservation laws for covariant divergence free 
energy-momentum tensors 

We present here an application for our main result to covariant divergence free 
energy-momentum tensors. 
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Proposition 4. Let {A4™,g) be a m-dimensional real analytic Riemannian ma- 
nifold, V be the Levi-Civita connection and T be contravariant 2-tensor with a 
vanishing covariant divergence. There then exists a conservation law for T on 

M x]R"+("-i)'. 

Proof. Let us consider a bivector T G r(TA^ ® TM) which is expressed in a chart 
by T = T^^£,\ <E) £,fj., where (^i, . . . , ^m) is the dual basis of an orthonormal moving 
coframe (77^, ... , 77™). The volume form is denoted by 77^^ = 77^ A • • • Ar/™. Using the 
interior product, we can associate any bivector T with a TTU-valued m-differential 
form T defined as follows: 

TiTM ® TM) — > T{TM (g> a'^"''-^^T*M) 

The tangent space TM. is endowed with the Levi-Civita connection V. Let us 
compute the covariant derivative of t. 

dvT = 6 ® (dr^ + ^^ A T^) (4.55) 

On one hand, using the first Cartan equation that expresses the vanishing of the 
torsion of the Levi-Civita connection and the expression of the Christoffel symbols 
in terms of the connection 1-form, we obtain 



dr^ 



(4.56) 

and 

^^ A r^ = 7y^ A r^.(C. V) = (r^-^r^Jry^ (4.57) 

consequently 

dvr = a ® [{UT^n + T^'^Kf. + T'^-rt^)v^] ■ (4.58) 

On the other hand, a straightforward computation of the divergence of the bi- 
vector leads us to 

V^T^^ = ^^(r^^) + T^'^Kt, + T'^'Vl^ for all A = 1, . . . , m. (4.59) 

We conclude then that 

dvr = ^ V^T^^ = VA = l,...,m. (4.60) 

Hence, for an m-dimensional Riemannian manifold ^A, the main result of this article 
assures the existence of an isometric embedding ^ : TM — > M x 8™+*^™^^^ such 
that d(^(r)) = is a conservation law for a covariant divergence free energy- 
momentum tensor. D 

For instance, if dimA^ ~ 4, then ^(r) is a closed differential 3-form on M with 
values in M}^ . 
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